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Abstract 

We define local residues of holomorphic 1-forms on an isolated surface 
singularity that have isolated zeros and prove that a certain residue equals 
the index of the 1-forms defined by Ebeling and Gusein-Zade. 



1 Introduction 

Let /i, . . . , /„ G Oc".o define a regular sequence, let J/ be the determinant of 
the Jacobian matrix of / (/i, ...,/„) and set 



(/li ■ ■ ■ J fn) 

Then a classical result states 

indc",o/ = dime Q/ = resc",o 



Jf 

/l ■ • ■ f n 



where ind is the Poincare-Hopf index and res the local residue symbol. Recall 
that the residue is defined for any h G Oc.o by 



resc",o 



h 

/l • ■ ■ fn 



1 f hdzi A • • ■ A dz„ 



{2niY Jv /i • • • /« 



where T is the real n-cycle {\fi\ = ei,i ~ 1, . . . ,n} for e R>o chosen small 
enough oriented so that d(arg/i) A ■ • • A d(arg/„) > 0, and the Poincare-Hopf 
index is the degree of the map //||/|| restricted to a small sphere at the origin, 
see also [|], 0, ^ for the definitions. 

In the framework of singularity theory it arises a natural question: How to 
generalize these definitions when one considers holomorphic function germs on 
an isolated singularity (V, 0) C (C",0)? There are two directions one can go. 
The first is the definition of an index of holomorphic vector fields tangent to 
(l/,0), called the GSV index. The results can be found in |, |, |, |[ |, |lO[ 
p^ . The other direction is to consider holomorphic 1-forms on (V, 0) which has 
been done by Ebeling and Gusein-Zade in B. This is the situation we give a 
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generalization of the residue symbol and therefore we briefly recall the main 
results of 

Let {V,0) = ({/i = ■•• = /g = 0},0) c (C",0) be an isolated complete 
intersection singularity and uj = X]r=i ^idzi the germ of a holomorphic 1-form 
on {C",0) which has an isolated zero on (V,0). Choose a sufficiently small 
sphere Ss around the origin in C" which intersects V transversally and consider 
the link K — V f) Ss oi V. The 1-forms w, d/i, . . . , dfq are linearly independent 
for all points of K and we have a well defined map 

{u;,dh,...,dfg):K^W,+i{C") 

where Wq+i(C") denotes the manifold of {q + l)-framcs in the dual C". We 
have 

and therefore the map has a degree. We let K to be oriented as boundary of 
the complex manifold V \ {0} here. The index indy^o^ of uj is defined to be the 
degree of this map. (If is a curve K can have more components, we will sum 
over the degrees of the components then.) 

Let J be the ideal in C'c",o generated by fi, ■ ■ ■ , fq and the (q + l)-minors 
of the matrix 

' dzi ■ ■■ az„ \ 

df„ 
\ OJi 

For a regular value 7^ e = (ei, . . . , e^) G C of / chosen small enough and a 
small ball Bs around the origin in C" define := f~^{e)r)Bs. is transversally 
to Ss then. We set A Oc^.q/J and have the following theorem of Ebeling 
and Gusein-Zade: 

Theorem 1. (i) If {V, 0) is smooth, indv/,o^ the usual Poincare-Hopf index, 
(a) indy.ow equals the number of zeros of lo on counted with multiplicities. 
(Hi) 'mdvfiOJ — dime -4. 

In this paper we define if y is a surface a linear form 

resy^o : .4 ^ C, 

which we call the relative residue form of uj and prove that for a certain class 
n E A one has a formula 

indyo'^ — resyo(f )• 

We use the linear form to prove some algebraic properties of A. There is used 
classical Grothendieck residue theory and we will therefore recall the main facts 
as them can be found in 0. With the notations introduced at the beginning of 
this section we summarize some results of [uj in the following theorem: 
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Theorem 2. (i) For i — 1, . . . ,n let Qi := J2^=i ^ijfj ^^^^ 9i, ■ ■ ■ j9n is a 
regular sequence and let A be the matrix {aij)iZi' "'n- Then one has for 
h € Oc",o 



resc",o 

(ii) The residue defines a linear form 

resc",o 

(Hi) The induced pairing 



h 




' hdetA' 


fl ■ ■ ■ fn 


= rescn,o 






51 • ■ • 9n_ 



fl - ■■ fn 



■.Qf re- 



defined by 



B: Qf X Qf 



B{h,g) := resc-.o 



h-g 

fl---fn 



is non-degenerate. 

(iv) For perturbations fe and he of f and h one has 



resc",o 



h 

fl---fn 



= limy^resc",p, 



/e,l ■■■fe, 



where one sums over the zeros of fe in a neighbourhood of the origin. 

We want to formulate our main result. Let q = n — 2 and Mj the matrix 
obtained from 



/ 9h 

I dzi 

dU-2 



dfi X 



V 



dZn 
iOn, 



I 



by cancelling the i-th column, rui := det(Mi) and M [i^^y^^j- Let a be 

the coefficient of in the charactcristical polynomial of M. We will prove 
that there exits a linear change of coordinates (in fact a generic one) so that 
(mi, m2) is a regular Oy^o-scqucnce and call these coordinates good coordinates. 
Moreover we define for h £ Ocfi 



resyn 



h 

m\m2 



{2m 



hdzi A dz2 
E mim2 



with E := {/i = ■■■ — fn-2 = 0, |toi| — (5i,|m,2| = oriented so that 
ci(argmi) A(i(argm2) > and where 5i, 82 are small positive real numbers. The 
following theorem is our main result: 
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Theorem 3. In each system of good coordinates we have a linear form 



resy,o 



mim2 



■.A 



with 



dime A = resy^o 



mim2 



I wish to thank W. Ebcling and S.M. Guscin-Zadc for useful discussions and 
the referee for useful comments concerning the presentation. The idea that one 
should try to find a residue formula for the index of a holomorphic 1-form is 
due to W. Ebeling. 



2 Absolute and relative residues 

Let (y,0) C (C",0) be an icis as before and gi,...,g„_q £ Oc",o define an 
isolated zero on (1^,0). If the real hypersurfaces {\gi\ = 5i} for small 5i are in 
general position let 

E := {/i = • • • = /g = 0, \g^\ := = I, . . . ,n - q} 

to be the real (n — g)-cycle oriented so that d{aiggi) A • • • A d{aiggn-q) > 0. 
Then we have for each 

n G n^-,^ := nizyi-^^fi^lzl + A ^l-y) 

a well defined integral 

1 f V 



{2Triy 



which we denote by 



resyn 



E 51 • • • 5n- 



V 

5l • • • 9n-q, 



We now want to prove a relation between these relative residues and the absolute 
residues. Define 

by A(ry) := h, where h is defined by 

hdzi A • • • A dzn := rj Adfi A ■ ■ ■ A dfg. 
We want to prove the following theorem: 
Theorem 4. 



resy,o 







= rescn,o 


51 • • • 9n-q_ 





Ml) 

gi--- Qn-qfl ■■■fq^ 
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The intersection multiplicity / of the hypersurfaces defined by /i,...,/^, 
gi, . . . , Qn-q is also given as a relative integral: 



Corollary 1. 



/ = 



1 



dgi A ■ ■ ■ A dgn-q 

Js 51 ■ • ■ 9n-q 

The Theorem follows from the next Lemma if we set 

d{h,...Jq) 



DF := det 



^(^n — (7+1; ■ ■ ■ ; ^n) 



Lemma 1. 



resy,o 



hdzi A • • • A dzn- 

91- ■■ 9n~q 



resc",o 



9i 



h- DF 

• 9n—qfl ' • ' fq 



Proof of Theorem 0. Let 1 < ii < • • • < < n and 1 < ji < ■ ■ ■ < jq < 



the complement, a := (ii 
resy,o 



J "n — qi Jl: 



, jg) e S„. Then we get 



/idzij A • • • A dzi, 

91- ■■ 9n-q 



Signer • resc",o 



51 



■ 9n — qfl ■ ■ ■ fq 



(1) 



by Lemma |T] using the permutation of coordinates a and the integral transfor- 
mation formula. Now the theorem follows from equation ^ using the Laplace 
expansion formula. □ 

First we prove a special case of Lemma |l|. Define 

P ■— (ffli • ■ • I 9n-q, fl, ■ ■ ■ , fq)- 

Claim 1. Lemma^ holds if is a regular value of F. 
To prove this we need some facts from linear algebra. 
A B 



Lemma 2. Let H 



be the decomposition of a n x n-matrix in 



C D 

four blocks where A and D are squared and A is invertible. Then 

det H = detA- det{D - CA-^B). 
Proof. It is just a simple exercise. 



□ 



Lemma 3. Let H := 

E F 



A B 
C D 



G L 
matrices. Then 



be an invertible n x n-matrix with H ^ = 
where A und E are j x j -matrices and D and L are (n — j) x {n — j)- 



det D = detE ■ det H. 
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Proof. We have 



1 = HH-^ = 



AE + BG AF + BI 
CE + DG CF + DI 



Let E be invertible. Sice we have CE + DG = wc get -GF - DGE-'^F = 
and therefore with DI = 1 — GF it follows 



det(l - CF - DGE-^F) = dot Z? • det(J - GE'^F) = 1. 



(2) 



This means that D is invertible. Now assume that D is invertible. Since we 
have GE + DG = Qwegei BD-^GE + BG = Q. From I - BG = AE it follows 
that 

det(l - BD-^GE - BG) = dei{A - BD-^G) • det £; = 1 

and so we find that E must be invertible. We have shown that E is invertible if 
and only if D is invertible and so the Lemma follows for non invertible E. If E 
is invertible we get by Lemma 



deiR-^ = det E -detil -GE-^F). 



By equation we get 



detH^^ =dctE- 



1 



detD 



and det D = dot E ■ det H follows. 



□ 



Proof of the Claim. We find that V is smooth and is also a regular value of 
G := (gi, . . . ,gn-q)\v- We choose new coordinates x :— F{z) on (C",0) resp. 
x' := G{z) on (V, 0) and set F := F~^ resp. G := G~^. Using the integral 
transformation formula and the Cauchy integral formula we get 



resyn 



hdzi A ■ ■ ■ A dzn 
gi ■ ■ -gn-q 



(2TTi)"-i 

1 



hdzi A ■ ■ ■ A dzn- 



gi ■ 



• gn-q 



(27ri)"- 



h(C) ^tCi'-'-'Gn 



dxi A ■ ■ ■ A dxn 



9(Gi 



d{xi 



-(0) 



h{0) 



diF^,...,F„.q) 

d{xi, . . . ,X„-q) 



(0). 



T is the torus 



T := {\xi\ = Si, i = 1, 
oriented as usually here. Similarly we get 



. ,n - q} 



resc",o 



51 



h-DF 

■ 9n — qfl ■ ■ ■ fq 



h{0)DF{0) 



d{F,,...,K) 
d{xi, . . . 



(0). 



Now the equality of the residues follows from Lemma |3[ 



□ 
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Proof of Lemma Denote by /i the local multiplicity of F. Let G be de- 
fined as above. The regular values of G are dense and we have for those 
y = {yi,---,yn-q) with gy ■= {gi-yi,.. . - yn-q) 



resc",o 



91 ■ 



h-DF 

■ 9n-qfl ■ 



= lim resc",pi 



h-DF 

■ 9y,n-qfl ■ 



The value (y, 0) is a regular value of F: The preimages of y under G are fj, simple 
zeros oi G — y, which are also the preimages of (y, 0) under F. They must be 
also simple zeros of — (y, 0) then. By the Claim we get 



resc",o 



91 



h-DF 

■ 9n — qfl - - - fq 



lim ^ 



hdzi A 



A dZn-q 



- 9v,n-q 



where 



{/i 



fq = 0, Ifjy^tl ^ Pt,i ^ 1, . ■ ■ ,n - q} 



and p is chosen small enough. Sy,p decomposes into /i components then. Now 
it sufhcies to show that Sy,p is homologous to E in 



71— q 



V\[\J{9^-y^^0}U{0} 



This can be done if y is chosen small enough in the same lines as in |l| p. 
113]. □ 



3 Residues of holomorphic 1-forms 

To prove our results on holomorphic 1-forms on an isolated surface singularity 
we will look at the behaviour of the 1-forms on the Milnor fibre. Therefore we 
first study the smooth case. Then we construct a class a Cz A and show that it 
plays a similar role the Jacobian plays in the classical case in the algebra Qf. 
The Jacobian generates the 1-dimensional socle oiQf and thus every linear form 
I: Q f C which maps the Jacobian not to induces a non-degenerate pairing 
on Q/ (The induced pairing is always the pairing defined by B{h,g) := l{h - g) 
in this paper) . We will define a linear form res : A C and use this form to 
prove a result on the dimension of the socle of A. 



3.1 The smooth case 

Let {V,0) C (C",0) be an icis as before and cu = J27=i^i^^i germ of a 
holomorphic 1-form on (C",0) with an isolated zero on (F,0) (does not vanish 
on the tangent spaces TpV for p ^ in a neighbourhood of the origin). For 
1 < ji, ■ • -Jq+i <nwe set 



dfi 


dfi 






df„ 








- 


Jq+l 
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Furthermore for l<i<n — gwe set fhi := m-j,n~i3+i,...,n- Let J be the ideal 
as in the introduction and / the ideal in Oc",o generated by /i, . . . , and the 
minors mi, . . . , rhn-q- For simplicity we may assume that all minors vanish at 
the origin (otherwise the index is 0). 

Lemma 4. For any ii, . . . ,iq, ji, . . . , jg+i G {1, . . . ,n} we have 



Proof. Expansion of mj-^^ j^^-^ and mj^ i-^ i^ by the last row gives us 

9+1 



Now it sufRcies to show for any fixed fc 

-^y difi,---Jq) d{fi,...Jg) ^ ^ 



which is obvious by expanding the second determinant by the first column and 
summing over /. □ 



Proposition 1. Let DF{0) ^ 0. Then I ^ J. 



Proof. For any ji , 



,Jq+ 



fore 



1 we get from Lemma ^ DFmj^^,,,j^^^ S / and there- 



J £ I, since DF is a unit. 



Now from standard theory we get 
Corollary 2. Let DF{Q) ^ 0. T/ien 

(i) /i, . . . , /g, mi, . . . , rhn-q defines a regular sequence and 



□ 



dime A = resc" ,o 



d{fi,---,fq,mi,...,m„-q) 



d{zi,... 
fx... fqUll 



(a) resc",o 



/l ■ • ■ /qW^l 



^n — q 



A C defines a linear form. 



(in) The induced pairing on A is non-degenerate. 



3.2 The index of a holomorphic 1-form 

From now on we restrict to the case q — n — 2 and we introduce some more 
notations. Set m^ :— j ^ and for / k 

r _ 9(/i,...,/n-2) 

d[Zl, . . . ,Zl, . . . ,Zk, ■ ■ . ,Zn) 
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Define M to be the matrix 

M ■_ ^((-1)"^!' (-1)'^2, . . . , (-l)"m„) 
9(zi,...,z„) 

We define a := (J2{M) as a coefficient of tlie ctiaracteristical polynomial of M: 



^(-l)V„-,(M)f := det(Af - tl). 



i=0 

We now want to prove a refinement of Corollary |^ that will be used to prove 
our main result. 

Lemma 5. Let (V, 0) be smooth and assume mi,m2 to he a regular Ov,o- 
sequence. Then 



dime -4 = resc". 



DF-a 

/l • • • /n-2TOlTO2 



Note that we have not assumed DF{0) ^ 0. In order to prove this we need 
a computation. 



Lemma 6. For j < k we have 

d{fi,-.-,fn~2,mj,mk) 

Proof. The expansion formula gives us 



-fj,k ■ <J mod J. 



d{zi,...,Zn) d{Zm,Zl) ' 



Now it sufRcies to prove mod J 

J m,l rx/ \ — J ' 



d{Zm,Zl) ^' d{Zm,Zi) 



The first case is m, ^ < j. By Lemma ^ we get mod J 

^ d{mj,mk) _ J. d{mi,mk) d{mm,mk) 

d{Zm,Zi) d{Zm,Zl) d{Zm,Zl) 

d{mi,mj) ^ 9(m;,m„ 



d{Zm,Zi) ' d{Zm,Zi) 

3{mm,rnj) I 

Jl,k—^, ^ H /,-,fe- 



d{mm,mj) ^ ^ d{m„i,mi) 

d{Zm,Zi) d{Zjn,Zl) 

On the other hand we get again by Lemma ^ mod J 

d{mj,mk) _ d{mj,mi) _ d{mj,mm) 

JraJ r^f N — Jm.k x 7/,fc ^/ x ■ 

d[Zm,Zl) d(Zrn,Zl) d[Zm, Zl) 

Summing the two equations we get the Lemma in this case. All other cases can 
be proved similarly. □ 
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Proof of Lemrna^ Let k < I with fk.iiO) =/= 0. By a trivial generalization of 
Corollary we get 



dime A = resc" 



d{fi,...,f„-2,mk,mi) 
d(zi,...,z„) 

/i . . . /„_2TOfcmi 



The first and most complicated case is 3 < ^- Here we get by Lemma ^ 

fk,irni = -fi^km + fi.imk 
fkjrn2 = -~f2,kmi + f2.imk- 

Furthermore it is not hard to compute 

f2.kfl,l — fl,kf2,l = —fk,lDF 

and therefore we get by the transformation formula for residues and Lemma | 



dime A 



resc",o 



resc",o 



-DF d{fi,...,f„-2,mk,m,i) 

fi,k a(zi,...,2„) 

/l • • ■fn-2mim2 



DF -a 
/i ■ • • fn-2mim2 



using that the product of DF and any minor is contained in /. All other cases 
can be proved similarly. □ 

Now we generalize to the singular case. 

Lemma 7. There exists a linear change of coordinates so that mi , m2 is a reg- 
ular Ov,o-sequence. 

Proof. Let (j): (C",0) (C",0) be biholomorphic with (p{y) = z and set ip :— 
(f>~^. Denote by the minors computed in j/-coordinates. By standard com- 
putations we get for i = 1, . . . , n 



E 



1 divi,- 



,yn) 



ruj o (j) 



= ^(-1)'+^' det D(t>j^ o(j)-mjO(t). 



(3) 



Since Ov,o is a complete intersection there are complex numbers cn, . . . ,ci„, 
C21, ■ ■ • , C2n so that gi, 32 IS a regular Oy^o-sequence where gi := X^ILi currii and 
92 ■= C2imj and therefore 0*(/i), . . . , </)*(/„_2), 0*(g2) is a regular 

Cc",o-sequence. Since the vectors (cn, . . . , ci„) and (c2i, . . . , C2n) are linearly 
independent we can extend them to a squared matrix of complex numbers C 
with detC — 1. Define C to be the matrix with entries cj^ := {—lY'^^Cij. 
Then det C" = 1 and therefore C defines a biholomorphic map. By equation || 
it sufficies now to set (j) := (C")~^ since we have 4>*{gi) = m\ resp. 4>*{g2) = 
vnR. □ 
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We call a system of coordinates as in the Lemma a good system of coordi- 
nates. Further we define for good coordinates 



resy,o 



Now we can easily prove our main result. 



h 




hdzi A dz2 




:= resy,o 




miTO2 



Proof of Theorem ^. Since the product of DF and any minor is contained in / 
the residue defines obviously a linear form on A by Lemma ^ On the other 
hand we have 



resy.o 



a 

miTO2 



resc-.o 



= limy^resc",pi 



DFa 
/i • ■ ■ fn-2mim2 

DFa 

fe,l ■ ■ ■ fe.n-2mim2 



where /e := (/i — ei, . . . , fn-2 — £^-2) and we sum over the zeros of (mi, TO2) 
on the Milnor fibre Ve. We may first ask if (toi, can have a zero pt on 
when indv; ^.0; = 0. In this case let fi,k{pi) ^ and we find 



, fe,n-2,mi,mk) 



d{zi, 



e CC",p.(/£,l, • ■ • , fe,n-2,mi,'mk) 



since one of the minors mi , mj. does not vanish in pi . Cramers rule and the 
same matrix transformation as in the proof of Lemma ^ show that DFa G 
C'c",pi (/e,ij ■ ■ • 7 /e,n-2, TOi, m2). This mcans that the residue vanishes in such a 
point Pi. Therefore the above sum of residues is the sum of the indices of to on 
the Milnor fibre by Lemma ^ which equals dime A by the theorem of Ebeling 
and Gusein-Zade. □ 

We cannot expect that the induced pairing is non-degenerate because A 
in general has no 1-dimensional socle and therefore there cannot exist a non- 
degenerate pairing induced by a linear form. We go into more detail in the next 
subsection. 



3.3 Properties of the residue form 

We want to show that the rank of the induced pairing f3 on A doesn't depend 
on the choice of a good system of coordinates. Let 0: (C",0) (C",0) be 
biholomorphic, ip ■= 4>~^ and = z. We denote by mf the minors computed 
in j/-coordinates and similarly 

d{y3,---,yn) 



Lemma 8. Let (mi,m2) and {m\{il)) , m\[i]j)) be regular Ov,o-sequences. Then 
for any h £ Oc-^o 

■ det{D4>){iP)hDFy{^P) ' 
fi . . . fn-2m\{il;)m'^{ip)_ 



resc",o 



hDF 

/l . . . /„-2TOlTO2 



resc",o 
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Proof. The first step is to show the equality if (V, 0) is smooth. Let k < I with 
fk,i{0) 7^ 0. In the same way as in the proof of Lemma |^ we get 



resc'so 
Lemma shows now 



hDF 
/i • • ■ .fn-2mim2 



resc",o 



hfk,i 
/i . ■ • fn-2mkmi 



fkdrrij = 

Using this and equation H we get 



fj,km + fj^iruk for j <k 
.fj,kmi + fjjmk ioT k < j <l 
fj,kmi - fj^ruk for / < j 



fk,iml{^) = detP0)W™..(^(-l)^+i|^/,,+ ^ (-1)^1^/,,,) 



fc-i 



0=1+1 



detp0)w™.(^(-i)^-gi/,.+ ^-'y^'^-tf^-') 

7=1 ^ i=k+l ^ 



fk,iml{'ip) 



fc-i 



dz 



3=1+1 



j=i ^ 



9z, 



i = fc+l 



Therefore we have a matrix A with 



A 



ruk 

m 



Using the formula 



fi,lf],k — ifkdfij ± fj,lfi 



i,k 



where i, I, k, k are pairwise disjoint and the signs depend on the position of the 
indices, it is not hard to compute 



detA = detp^)2(^)/,,; J2 (-1)'+' 



l<'i<_;<n 

det{Dq^mfk,iDFy{^/j). 



-i d{^i,^2) 
d{zi, Zj) 



Application of the transformation formula for residues finishes the proof in the 
smooth case. To generalize to the singular case we have to show 



E resc" 



hDF 
. . . /E,„_2mim2 



det{D(j}){i;)hDFy{i;) 



where the first sum is taken over the zeros of gi :~ (toi,TO2) on the Milnor 
fibre Ve and the second over the zeros of 172 ■— (m-i (V'); 'tiKV')) on Ve- The 
residues equal each other at those points which are common zeros of gi and 172 ■ 
Let Pi be a zero of gi with g2{Pi) 7^ 0. Then indv;,^p.w = 0. If fi,k{Pi) 7^ 
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we have hfk^i G Oc".pi (/e.ii • • • i /e.ri-2j J^i, '712). The same transformation as 
at the beginning of the proof and apphcation of Cramers rule show hDF G 
Oc",pi{fe,i, ■ ■ ■ , fe,n-2, nil, 1712)- Therefore the residue vanishes at such a point. 
Similarly one arguments for a zero qj of 92 with gi{qj) =/= 0. Since the above sums 
of residues are equal the limit procedure gives us the equality of the residues at 
the origin. 

□ 

We assume that the chosen coordinates as well as the ^-coordinates are good. 
We define 



B:-- 



O 



Vfi 



(TOi,m2) 



C := 



B 



Since we have B(to3, . . . , m„) C anne(£)i^) we find that dimcC < dimc^ 
and the residue induces a linear form on C, the induced pairing on C is non- 
degenerate, since 



resyn 



hg 
miTO2 



= for all g e Cc.o 



implies 



resc",o 



hDFg 

/l . . . fn-2mim2 



= for all g e e'c",o- 



By duahty we get hDF G / and therefore h G anng(DF). This means that C 
has an 1-dimensional socle socC. It is generated by the class of a: Let g{0) = 0. 
Then we get 



resyn 



TO1TO2 



lim >^ resc" 



gDFa 

fe,l . . . /e,„-2TOlTO2 



lim V'5(pi)indv/,p,a; 

e— »0 



= 

and therefore a G socC. Furthermore we find rank/3 = dimcC and we can 
conclude 

dime soc^ < dime A — dime C + 1. 

We want to show that dime C does not depend on the choice of a good system 
of coordinates. Since we have an exact sequence 



annBiDF) - 
we get dime C = dime B{DF). Let 
B':= 



B '^ B 



B 



B{DF) 







■ • • , /n-2(0), ml, ml) ' 
We have to show dime B{DF) — dime B'{DFy). Since we have 
dime B\DFy) = Aiiac B"{DFy{'iP)) 
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with 

g// _ Oc",o 

(/i, . . . ,/„-2,mf(V'),TO|(V')) 

it remains to construct an isomorphism of vector spaces 

(/?: B{DF) B"{DFy oi/;). 

We set ip{gDF) :— gDFy{'iJj). Now Lemma |8| and duahty show that 

g e annB(i:>F) g e anns" {D py {^/j)) 

which means that ip is well defined and injective and of course surjective. We 
want to summarize: 

Proposition 2. (i) The residue induces a non-degenerate pairing on C. 
(a) The \- dimensional socle of C is generated by a. 

(Hi) The dimension of C does not depend on the choice of a good system of 
coordinates. 

(iv) rank/3 = dimcC, in particular ifV is smooth then (3 is non- degenerate and 
a generates the 1-dimensional socle of A. 

(v) dime soc^ < dime -4 — dime C + 1. 

4 Remarks 

4.1 The case of curve singularities 

We have only one minor m here and therefore the algebra ^ is a complete 
intersection. Residue theory can be applied directly so that we obtain a non- 
degenerate pairing on A. But the dimension of A can also be expressed by a 
relative integral 



dime A ~ 




by Corollary |]. 

4.2 The general case 

We may ask how to generalize our results when we consider a general ids. The 
problem is that in general there is no choice of coordinates so that (mi, . . . , m„_g) 
is a regular Oy^o-sequence and therefore the residues don't exist. There is a 
simple reason that was pointed out to the author by S.M. Gusein-Zade. Let 
n > 2q+l. Assume that /i, . . . , J^, rhi, . . . , m„_g define an isolated zero. Con- 
sider the (q + 1) maximal minors of the matrix 

df„ df, 
\ ^n-q+l ■ ■ ■ / 

Then the vanishing of these minors at the origin would imply that 2q + 1 equa- 
tions define an isolated zero which is not possible. If one of these minors is a 
unit in Oc",0i then ^ is a complete intersection. 
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4.3 Linear forms on spaces of relative holomorphic forms 

It also seems to be natural to define linear forms on the vector space fiyg'^/oj A 

n—q 
V,0 



riyp' ^ since it's dimension is also indy o'-^- We have an exact sequence 



^17 A J' 

— ^ rnlj ^ — ^ . 

and dwacTfly q'' = dime Oc^^/ J' where Tfly^'^ is the torsion submodule and 
J' the ideal in C'c",o generated by the components of / and the maximal minors 
of it's Jacobi matrix. Details of this argumentation can be found in If we 

have a regular O^.o-sequence (gi, . . . , gn-q) and the residue resy^o 



5l ■ ■ • 9n-qfl ■ ■ ■ f, 



91- ■■ 9n-q 

van- 



vanishes on cj A ^Y^^ ^ the absolute residue resc",o 
ishes on J since mjj_..._jg^j £ A(a; A VlyQ ^^) for each minor. 
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